Under certain homological hypotheses on a compact, possibly non-orientable, topological or smooth 4-manifold, we prove exactness of the surgery sequence at the based subset of normal invariants with vanishing Kirby-Siebenmann invariant. Then Cappell's five-dimensional splitting theorem is extended and applied to fibering of certain 5-manifolds over the circle. QAYUM KHAN smooth 5-manifolds [CS71]. Our algebraic-topological hypotheses are derived from the surgery characteristic class formulas of Sullivan-Wall [Wal99] in conjunction with the assembly map components of Taylor-Williams [TW79]. For 4-manifolds with fundamental groups of subexponential growth (class SA), Jonathan Hillman has successfully used this technique [Hil02, Chapter 6].
1. Introduction 1.1. Objectives. The first foundational theorem of this paper is a limited form of the surgery exact sequence for compact 4-manifolds (Theorem 4.1). Corollaries include exactness at the smooth normal invariants of the 4-torus T 4 (Example 4.4) and the real projective 4-space RP 4 (Corollary 4.8), which answers an old question of Wall [Wal99, Theorem 16.6, Remark] . The second foundational theorem is a mild extension of the Cappell-Weinberger splitting theorem [Cap76, Wei87] for compact 5-manifolds (Theorem 6.1). An important example (Theorem 7.4) is a version of the Farrell fibering theorem for smooth s-block bundles (Definition 7.1) over the circle S 1 with homotopy fiber RP 4 [CS76, FS81, HKT94] . The other main examples (Theorems 7.8 and 7.11) concern topological s-block bundles and include homotopy fibers which are mixed connected sums of either S 3 ×S 1 's or oriented surface bundles over surfaces or compact, oriented hyperbolic 4-manifolds. This family of connected sum examples is inaccessible by topological surgery [FQ90, FT95, KQ00] , since the fundamental groups of the fibers can have exponential growth.
1.2. Techniques. Our methods are a concatenation of the geometric constructions due to Cochran-Habegger-Wall for homotopy self-equivalences [CH90] , Cappell-Shaneson for smooth homotopy structures on certain non-orientable 4-manifolds [CS76] , and Cappell-Shaneson for a nilpotent normal cobordism construction for The 0th component of the 2-local assembly map A π [TW79] has an integral lift I 0 : H 0 (π; Z ω ) −→ L h 4 (Z[π] ω ). The image I 0 (1) equals the Witt class of the E 8 quadratic form [Dav05, Rmk. 3.7 ]. The 2nd component of the 2-local assembly map A π [TW79] has an integral lift κ 2 : H 2 (π; Z 2 ) −→ L h 4 (Z[π] ω ). Let f : M → X be a degree one, TOP normal map. According to René Thom [Tho54] , every homology class in H 2 (X, ∂X; Z 2 ) is represented by g * [Σ] for some compact, possibly non-orientable surface Σ and TOP immersion g : (Σ, ∂Σ) → (X, ∂X). The codimension two Kervaire-Arf invariant kerv(f ) : H 2 (X, ∂X; Z 2 ) −→ Z 2 assigns to each two-dimensional homology class g * [Σ] the Arf invariant of the degree one, normal map g * (f ) : g * (f −1 (Σ)) → Σ. The element kerv(f ) ∈ H 2 (X, ∂X; Z 2 ) is invariant under TOP normal bordism of f ; it may not vanish for homotopy equivalences. If M and X are oriented, then there is a signature invariant sign(f ) := (sign(M ) − sign(X))/8 ∈ H 0 (X; Z), which does vanish for homotopy equivalences. For any topological manifold X, the Kirby-Siebenmann invariant ks(X) ∈ H 4 (X, ∂X; Z 2 ) is the sole obstruction to triangulation of X × R or equivalently X#r(S 2 × S 2 ) for some r ≥ 0 [FQ90] . Define ks(f ) := f * (ks(M ) ∩ [M ]) − (ks(X) ∩ [X]) ∈ H 0 (X; Z 2 ).
In Section 4, we shall use Sullivan's surgery characteristic class formulas as geometrically identified in dimension four by J.F. Davis (1.0.4) ks(f ) = red 2 (f ) * (ℓ 4 ) − (f ) * (k 2 ) 2 ∩ [X] ∈ H 0 (X; Z 2 ).
Any compact topological manifold (X, ∂X) has a canonical simple homotopy type, obtained by cleanly embedding X into euclidean space [KS77, Thm. III.4.1]. Therefore, for any abelian group G and n > 1, pulling back the inverse of the Hurewicz isomorphism induces a bijection from [X/∂X, K(G, n)] 0 to H n (X, ∂X; G). This identification shall be used implicitly throughout the paper.
to the controlled structure set of certain 4-manifolds obtained from classical knot complements [Yam] . Finally, the author would like to thank his pre-doctoral advisor Professor Louis H. Kauffman for the years of encouragement and geometric intuition instilled by him.
Smoothing normal bordisms
Let (X, ∂X) be a based, compact, connected, DIFF 4-manifold. We start with group-theoretic criteria on the existence and uniqueness of smoothing the topological normal bordisms relative ∂X from the identity map on X to itself.
Proposition 2.1. With respect to the Whitney sum H-space structures on the CAT normal invariants, there are exact sequences of abelian groups:
Proof. Since X is a CAT manifold, by CAT transversality and Cerf's result that PL/O is 6-connected [KS77, FQ90] , we can identify the based sets Furthermore, each right-hand set is an abelian group with respect to the H-space structure on G/CAT given by Whitney sum of CAT microbundles.
For any based space Z with the homotopy type of a CW-complex, there is the Siebenmann-Morita exact sequence of abelian groups [KS77, Annex 3, Thm. 15.1]:
Here, the stable cohomology operations red (n)
are reduction modulo two and the second Steenrod square. The homomorphism ks is given by the formula ks(a, b) = red Here, the identification N PL (X) = [X/∂X, G/PL] 0 only makes sense if ks(X) = 0. It follows that the imageσ(g) ∈ H 4 (π; G/TOP ω ), through the scalar product act 1 , of a normal invariant g : X/∂X → G/PL consists of two characteristic classes:
which are determined by the TOP manifold-theoretic invariants in Subsection 1.4.
We caution the reader that ℓ 4 / ∈ H 4 (G/PL; Z); the notation 2ℓ 4 is purely formal.
Definition 3.1. Let (X, ∂X) be any based, compact, connected TOP 4-manifold. Define the stably smoothable subsets
Recall X has fundamental group π and orientation character ω.
Hypothesis 3.2. Let X be orientable. Suppose that the homomorphism
Hypothesis 3.3. Let X be non-orientable such that π contains an orientationreversing element of finite order, and if CAT = DIFF, then suppose that orientationreversing element has order two. Suppose that κ 2 is injective on all H 2 (π; Z 2 ), and suppose that Ker(u 2 ) ⊆ Ker(v 2 ).
Hypothesis 3.4. Let X be non-orientable such that there exists an epimorphism π ω → Z − . Suppose that κ 2 is injective on the subgroup u 2 (Ker v 2 (X)).
Proposition 3.5. Let f : M → X be a degree one, normal map of compact, connected TOP 4-manifolds such that ∂f = 1 ∂X . Suppose Hypothesis 3.2 or 3.3 or 3.4. If σ * (f ) = 0 and ks(f ) = 0, then f is TOP normally bordant to a homotopy self-equivalence h : X → X relative to ∂X.
Proof.
Since ks(f ) = 0, there is a (formal) based map g : X/∂X → G/PL such that red TOP • g =f : X/∂X → G/TOP. So g has vanishing surgery obstruction:
. Suppose X is orientable; that is, ω = 1. Then the inclusion 1 + → π ω is retractive and induces a split monomorphism L h 4 (Z[1]) → L h 4 (Z[π]) with cokernel defined as L h 4 (Z[π]). So the above sum of maps is direct:
). Then both the signature and the square of the Kervaire-Arf invariant vanish (1.0.4):
. Therefore, since κ 2 is injective on the subgroup u 2 (Ker v 2 (X)), we have (f ) * (k 2 ) ∩ [X] ∈ Ker(u 2 ). So, by the Hopf exact sequence
there exists α ∈ π 2 (X) such that our homology class is spherical:
Suppose X is non-orientable; that is, ω = 1. Let x ∈ π be an orientationreversing element: ω(x) = −1. First, consider the case that x has finite order. By taking an odd order power, we may assume that x has order 2 N for some N > 0. Then the map induced by 1 + → π ω has a factorization through (C 2 N ) − : 
.
by hypothesis, and the class is spherical.
Next, consider the case there are no orientation-reversing elements of finite order. Then, by hypothesis, there is an epimorphism p : π ω → Z − , which is split by a monomorphism with image generated by some orientation-reversing infinite cyclic element y ∈ π. Define L h 4 (Z[π] ω ) as the kernel of p * . Then y * induces a direct sum decomposition
. The abelian group of the non-orientable Laurent extension in the middle is isomorphic to Z 2 , generated by the Witt class [E 8 ], according to the quadratic version of [MR90, Theorem 4.1] with orientation u = −1. Then the map I 0 :
by an isomorphism; functorially, κ 2 has zero projection onto that factor. So the sum of maps is direct, similar to the oriented case:
. A similar argument, using the smooth normal invariant g, shows that
Hence (f ) * (k 2 ) ∩ [X] ∈ Ker v 2 (X). Since κ 2 is injective on u 2 (Ker v 2 (X)), we also have (f ) * (k 2 ) ∩ [X] ∈ Ker(u 2 ), thus the class is spherical.
Let us return to the general case of X without any condition on orientability. For any α ∈ π 2 (X), there is a homotopy operation, called the Novikov pinch map, defined by the homotopy self-equivalence
Here, η : S 3 → S 2 and Ση : S 4 → S 3 are the complex Hopf map and its suspension that generate the stable homotopy groups π s 1 and π s 2 . For the normal invariant of the self-equivalence h : X → X associated to our particular α, there is a formula in the simply-connected case due to Cochran 
Here, we have used (f ) * (k 2 )∩[X] ∈ Ker v 2 (X) and, if X is non-orientable, ks(f ) = 0 in (1.0.3). Therefore f : M → X is TOP normally bordant to the homotopy selfequivalence h : X → X relative to the identity ∂X → ∂X on the boundary.
Surgery for four-manifolds
Terry Wall asked if the smooth surgery sequence is exact at the normal invariants for the 4-torus T 4 and real projective 4-space RP 4 ; see the remark after [Wal99, Thm. 16.6 ]. The latter case of RP 4 was affirmed implicitly in the work of Cappell and Shaneson [CS76] . The main theorem of this section affirms the former case of T 4 and extends their circle sum technique for RP 4 to a broader class of nonorientable 4-manifolds, using the assembly map and smoothing theory.
Theorem 4.1. Let (X, ∂X) be a based, compact, connected, CAT 4-manifold with fundamental group π = π 1 (X) and orientation character ω = w 1 (X) : π → Z × .
(1) Suppose Hypothesis 3.2 or 3.3. Then the surgery sequence of based sets is exact at the smooth normal invariants:
(2) Suppose Hypothesis 3.2 or 3.3 or 3.4. Then the surgery sequence of based sets is exact at the stably smoothable normal invariants:
The above theorem generalizes a statement of Wall [Wal99, Theorem 16.6] proven correctly by Cochran and Habegger [CH90] for closed, oriented DIFF 4-manifolds.
Corollary 4.2 (Wall) . Suppose the orientation character ω is trivial and the group homology vanishes: H 2 (π; Z 2 ) = 0. Then the surgery sequence (4.1.1) is exact.
The Borel/Novikov Conjecture (i.e. Integral Novikov Conjecture) would imply that κ 2 is injective for all finitely generated, torsion-free groups π and all ω [Dav05] . At the moment, we have: Corollary 4.3. Let π be either a torsion-free, crystallographic 2 group, or a finiterank free group, or a torsion-free lattice 3 in some Isom(H m ). Suppose ω is trivial. Then the surgery sequences (4.1.1) and (4.1.2) are exact.
The second case of π free thus partially strengthens a theorem of Krushkal and Lee [KL02] if X is a compact, connected, oriented TOP 4-manifold. They only required X to be a finite Poincaré complex of dimension 4 (∂X = ∅) but insisted that the intersection form over Z[π] of their degree one, TOP normal maps f : M → X be tensored up from the simply-connected case Z[1]. Our shortcoming is that exactness is not proven at N TOP (X), because self-equivalences do not represent the homotopy equivalences with ks = 0 such as * CP 2 → CP 2 or * RP 4 → RP 4 .
Many surgical theorems on TOP 4-manifolds require π to have subexponential growth [FT95, KQ00] in order to find topologically embedded Whitney discs. Currently, the Topological Surgery Conjecture remains open for the more general class of discrete, amenable groups. In our case, observe that all crystallographic groups 1 → n(Z) → π → f inite → 1 have subexponential growth. However, both free groups π = ⋆n(Z) and torsion-free lattices π in Isom(H n ) have exponential growth if and only if n > 1.
Example 4.4. Besides connected sums with S 2 ×S 2 , the preceding corollary includes the orientable manifolds X = T 4 = 4(S 1 ) and X = #n(S 1 × S 3 ) for all n > 0. Also included are compact, oriented 4-manifolds X with finite volume hyperbolic interior X − ∂X and the product X = Σ × S 2 for compact, oriented 2-manifolds Σ.
A fundamental result from geometric group theory is that any torsion-free, finitely presented group Γ is of the form Γ = ⋆ n i=1 Γ i for some n ≥ 0, where each Γ i is either Z or a one-ended, finitely presented group. Geometric examples of such Γ i are torsion-free lattices of any rank; Corollary 4.3 is now generalized.
Corollary 4.5. Let π be a group of the form π = ⋆ n i=1 Λ i for some n > 0, where each Λ i is either a torsion-free lattice in some Isom(E mi ) or Isom(H mi ) or Isom(CH mi ). Suppose the orientation character ω is trivial. Then the surgery sequences (4.1.1) and (4.1.2) are exact.
Example 4.6. Besides connected sums with S 2 × S 2 , the previous corollary includes the orientable manifolds X = #n(T 4 ) and X = #n(T 2 × S 2 ) for all n > 0. Other examples are connected sums X = # n i=1 X i , where each X i is either the end compactification of a finite volume, real or complex hyperbolic 4-manifold X i − ∂X i or the product X i = Σ i × S 2 for some compact, oriented 2-manifold Σ i . Furthermore, mixtures of these different types of connected summands are allowed.
Consider examples of infinite groups with odd torsion and trivial orientation. The original case n = 1 below was observed by S. Cappell [Cap76, Thm. 5].
Corollary 4.7. Let π be a group of the form
Then the surgery sequences (4.1.1) and (4.1.2) are exact.
Consider non-orientable 4-manifolds X whose fundamental group π = ⋆n(C 2 ) is infinite and has 2-torsion. We denote S 2 ⋊RP 2 the total space of the 2-sphere bundle classified by the unique homotopy class of non-nullhomotopic map RP 2 → BSO(3), where SO(3) is diffeomorphic to RP 3 . This total space was denoted S(γ ⊕ γ ⊕ R) in the classification of [HKT94] , where γ is the canonical line bundle over RP 2 .
for some n > 0, where X 0 = #r(S 2 × S 2 ) for some r ≥ 0, and for each i > 0:
In symplectic topology, the circle sum
where E is the total space of a 3-plane bundle over S 1 with given embeddings in the 4-manifolds M and N . The preceding corollary takes circle sums along the order-two generator RP 1 of π 1 (P j ); the normal sphere bundle ∂E = S 2 ⋊ RP 1 is non-orientable. Observe that all the free products π in Corollaries 4.7 and 4.8 have exponential growth if and only if n > 2.
Finally, consider non-orientable 4-manifolds X whose fundamental groups are infinite and are torsion-free. Let Kl = RP 2 #RP 2 be the Klein bottle, whose fundamental group π ω = Z + ⋊ Z − has the indicated orientation. Observe that any non-orientable, compact surface of positive genus admits a collapse map onto Kl.
Corollary 4.9. Suppose X is a TOP 4-manifold of the form X = X 0 #X 1 # · · · #X n for some n > 0, where X 0 = #r(S 2 × S 2 ) for some r ≥ 0, and for each i > 0, the summand X i is the total space of a fiber bundle
i is a non-orientable, compact, connected 2-manifold of positive genus. Then the surgery sequence (4.1.2) is exact.
Proofs in the orientable case.
Proof of Theorem 4.1 for orientable X. Suppose X satisfies Hypothesis 3.2. Let f : M → X be a degree one, normal map of compact, connected, oriented TOP 4manifolds such that: ∂f = 1 ∂X on the boundary, has vanishing surgery obstruction σ * (f ) = 0, and has vanishing Kirby-Siebenmann stable triangulation obstruction ks(f ) = 0.
Then, by Proposition 3.5, f is TOP normally bordant to a homotopy selfequivalence h : X → X relative to ∂X. Thus exactness is proven at N TOP0 (X).
Note, since X is orientable (1.0.1), that
Tor 1 (H 0 (π; Z ω ), Z 2 ) = Tor 1 (Z, Z 2 ) = 0.
Then, by Proposition 2.1, red TOP induces an isomorphism from N DIFF (X) to N TOP0 (X). Thus exactness is proven at N DIFF (X).
Proof of Corollary 4.2. The result follows immediately from Theorem 4.1, since
) is automatically injective.
Proof of Corollary 4.3. This shall follow immediately from Corollary 4.5.
Proof of Corollary 4.5. By Theorem 4.1, it suffices to show κ 2 is injective by induction on n. Suppose n = 0. Then it is automatically injective:
Since isometric quotients of the homogeneous 4 spaces E m or H m or CH m have uniformly bounded curvature matrix (hence A-regular), by [FJ98, Proposition 0.10], the connective (integral) assembly map is split injective:
The decomposition of the domain follows from the Atiyah-Hirzebruch spectral sequence for the connective spectrum G/TOP = L. 1 . Therefore the integral lift of the 2-local component is injective:
Since π and Λ n+1 do not contain order-two elements, the subgroup 1 is square-root closed in each of them. Then we have
Corollary 4], which was proven in [Cap76, Lemmas II.7, 8, 9] . So
by the Mayer-Vietoris sequences in [Cap74b, Theorem 5(ii)] and [Bro94, §VII.9]. Therefore, since κ 2 factors through the summand L h 4 (Z[−]), we conclude that
) is injective. This proves the corollary for n + 1, thus completing the induction.
Proof of Corollary 4.7. Since each O i is odd-torsion, a transfer argument [Bro94] shows that H 2 (O i ; Z 2 ) = 0. Then, by the Mayer-Vietoris sequence in group homology [Bro94, §VII.9] and induction, we conclude H 2 (⋆ n i=1 O i ; Z 2 ) = 0. Therefore κ 2 is automatically injective.
Proofs in the non-orientable case.
Proof of Theorem 4.1 for non-orientable X. Suppose X satisfies Hypothesis 3.3. Let f : M → X be a degree one, TOP normal map such that σ * (f ) = 0 and ks(f ) = 0. Then, by Proposition 3.5, f is TOP normally bordant to a homotopy self-equivalence h : X → X relative to ∂X. Thus exactness is proven at N TOP0 (X).
Further suppose the non-orientable 4-manifold X is smooth. Since in this case we assume that π has an orientation-reversing element of order two, by [CS76, Theorem 3.1], there exists a closed DIFF 4-manifold X 1 and a simple homotopy equivalence h 1 : X 1 → X such that η DIFF (h 1 ) = 0 and η TOP (h 1 ) = 0. The above argument of Proof 4.1 in the orientable case shows for non-orientable X that the kernel of N DIFF (X) → N TOP (X) is cyclic of order two. Note
by the surgery sum formula given in Proposition 4.10 and [Ran80, Proposition 4.3]. Therefore f is DIFF normally bordant to either the simple homotopy equivalence h : X → X or h • h 1 : X 1 → X relative to ∂X. Thus exactness is proven at N DIFF (X).
Suppose X satisfies Hypothesis 3.4. Let f : M → X be a degree one, TOP normal map such that σ * (f ) = 0 and ks(f ) = 0. Then, by Proposition 3.5, f is TOP normally bordant to a homotopy self-equivalence h : X → X relative to ∂X. Thus exactness is proven at N TOP0 (X).
The following formula seems to be lacking in the literature.
Proposition 4.10. Suppose M, N, X are compact PL manifolds. Let f : M → N be a degree one, PL normal map such that ∂f : ∂M → ∂N is the identity map. Let h : N → X be a homotopy equivalence such that ∂h : ∂N → ∂X is the identity. Then there is a sum formula for PL normal invariants:
Proof. Any element of the abelian group [X/∂X, G/PL] 0 is the stable equivalence class of a pair (ξ, t), where ξ is a PL fiber bundle over X/∂X with fiber (R n , 0) for some n, and t : ξ → ε n = (X/∂X) × (R n , 0) is a fiber homotopy equivalence of the absolute fiber R n − { 0 } ≃ S n−1 . The abelian group structure on [X/∂X, G/PL] 0 is the π 0 of the Whitney sum H-space structure on the ∆-set Map 0 (X/∂X, G/PL) 
For the homotopy equivalence h : N → X with homotopy inverse h : X → N and any PL bundle χ over N , define the pushforward bundle h * (χ) := (h) * (χ) over X. Let r be the stable fiber homotopy trivialization associated to the degree one, PL normal map (h, h * (ν N )). Then note
Here, the addition is the Whitney sum of stable PL bundles with fiber (R n , 0) equipped with stable fiber homotopy trivializations.
Proposition 4.11 (López de Medrano). The following map is an isomorphism:
. Note that the source and target of κ 2 are isomorphic to Z 2 [Wal99, Thm. 13A.1].
Proof. Observe that the connective assembly map
where the vertical maps are isomorphisms by decorated periodicity [Sul96] . So it is equivalent to show that κ
The PL surgery obstruction map σ * for RP 8 was shown to be non-trivial in [LdM71, Theorem IV.3.3] and given by a codimension two Kervaire-Arf invariant. So the map κ
2 is non-trivial. Therefore κ 2 is an isomorphism. Proof of Corollary 4.8. We proceed by induction on the number n > 0 of free C 2 factors in π to show that κ 2 :
Suppose the inductive hypothesis is true for n > 0. Write π ′ := ⋆n(C 2 ) and
π ω = (C 2 ) − * (π ′ ) ω ′ .
By the Mayer-Vietoris sequence for group homology [Bro94, §VII.9], we have H 2 (π; Z 2 ) = H 2 (C 2 ; Z 2 ) ⊕ H 2 (π ′ ; Z 2 ).
By the Mayer-Vietoris type sequence for L h * -theory [Cap74b, Thm. 5(ii)], we have
Since κ 2 is natural in groups with orientation character, we have
. Therefore, by the basic case n = 1 for (C 2 ) − and by the inductive hypothesis for (π ′ ) ω ′ , we obtain that κ 2 is injective for π ω .
Let i > 0. If X i = S 2 × RP 2 or X i = S 2 ⋊ RP 2 , then a Leray-Serre spectral sequence argument shows that Proof of Corollary 4.9. Let i > 0, and write Λ i and ω i as the fundamental group and orientation character of X i . If Σ f i = S 2 , then a manifold model for
Otherwise if Σ f i = S 2 , then X i is a manifold model for BΛ i ; it is an isometric quotient of Σ f i ×E 2 or Σ f i × H 2 and so is a complete, homogeneous riemannian manifold of non-positive sectional curvatures.
Since BΛ i has an A-regular, complete riemannian manifold model of non-positive sectional curvatures, by [FJ98, Proposition 0.10], the connective assembly map is split injective:
. The decomposition of the domain follows from the Atiyah-Hirzebruch spectral sequence for the connective spectrum G/TOP = L. 1 . Therefore the integral lift of the 2-local component κ 2 :
is injective. Furthermore, there is a composition of induced epimorphisms of groups with orientation characters:
Therefore Hypothesis 3.4 is satisfied, and so Theorem 4.1 applies.
Five-dimensional assembly on four-manifolds
Let (X, ∂X) be a based, compact, connected, TOP 4-manifold with fundamental group π = π 1 (X) and orientation character ω = w 1 (X) : π → Z × . Recall, for any α ∈ π and β ∈ π 2 (X) ⊗ Z 2 , that there is a Whitehead product [α, β] ∈ π 2 (X) ⊗ Z 2 which vanishes if and only if the loop α acts trivially on β.
Hypothesis 5.1. Suppose that the following homomorphism is surjective:
) and that the fundamental group π acts trivially on the homotopy group π 2 (X) ⊗ Z 2 .
Theorem 5.2. Assume Hypothesis 5.1.
Then the following surgery obstruction map is surjective:
. Following Sylvain Cappell's work on the Novikov conjecture, Jonathan Hillman obtained the same conclusion under certain hypotheses for a square-root closed graph of groups [Hil02, Lem. 6.9].
Proof. There is a commutative diagram
Since A π 1 = I 1 + κ 3 is surjective and u 1 : H 1 (X; Z ω ) → H 1 (π; Z ω ) is an isomorphism, it suffices to show that u 3 : H 3 (X; Z 2 ) → H 3 (π; Z 2 ) is surjective. Now, the map u 3 is an edge homomorphism with image E ∞ 3,0 in the Leray-Serre spectral sequence of the fibration X → X u − → Bπ, where X is the universal cover of X. Note E ∞ 3,0 = Ker d 3 3,0 : H 3 (π; Z 2 ) → H 2 ( X; Z 2 ) .
By hypothesis, the edge homomorphism given by the Hurewicz map is injective:
Z 2 ) and σ * is surjective. Some reducible examples X are obtained as arbitrary connected sums of certain compact, aspherical 4-manifolds X i constructed from non-positively curved manifolds. First, recall that the interior of any compact surface of positive genus has the structure of a complete, finite area, euclidean or hyperbolic 2-manifold. Second, recall that any complete, finite volume, real hyperbolic 4-manifold can be obtained by isometrically identifying pairs of facets of a convex polytope in H 4 , where some vertices may be ideal [Rat06, §6.4, §11.1]. Some aspherical product 4-manifold geometries are considered below [Wal85] .
Corollary 5.3. Suppose X is a TOP 4-manifold of the form X = X 1 # · · · #X n for some n > 0 and some compact, connected 4-manifolds X i with torsion-free fundamental groups Λ i such that:
(1) X i is the total space of a fiber bundle S 3 → X i → S 1 , or (2) X i is the total space of a fiber bundle H i → X i → S 1 for some compact, connected 3-manifold H i of complete, finite volume, hyperbolic interior, or (3) the interior X i −∂X i is a complete, finite volume, real or complex hyperbolic 4-manifold, or (4) X i is the total space of a fiber bundle Σ f i → X i → Σ b i for some compact, connected 2-manifolds Σ f i and Σ b i of positive genus 5 . Then the topological 5-dimensional surgery obstruction map (5.2.1) is surjective.
For closed surface bundles Σ b → X → Σ f over a closed surface Σ b = RP 2 , Hillman has proven a topological rigidity theorem for the total space X: if a closed 4-manifold M is homotopy equivalent to X, then M is s-cobordant to X [Hil02, Thms. 6.15, 6.16].
Proof. Consider the fundamental groups Λ i := π 1 (X i ) with orientation characters ω i : Λ i → Z × . Suppose X i has type (1). Then a model for the classifying space BΛ i is either the open annulus R × S 1 or the open Möbius band R ⋊ S 1 . Since both these models are isometric quotients of E 2 , the classifying space BΛ i is homogeneous in the induced complete riemannian metric of sectional curvature 0. Suppose X i has type (2). Then X i − ∂X i is a model for the classifying space BΛ i . Consider the interior H := H i − ∂H i of the fiber, which is homogeneous in its complete riemannian metric of sectional curvature −1. Since the model X i − ∂X i is an isometric quotient of H i × E 1 , the classifying space BΛ i is homogeneous in the induced complete riemannian metric of non-positive sectional curvatures.
Suppose X i has type (3). Then X i − ∂X i is a model for the classifying space BΛ i . Since this model is an isometric quotient of H 4 or CH 2 , the classifying space BΛ i is homogeneous in the induced riemannian metric of sectional curvature −1.
Finally, suppose X i has type (4). Then the interior X i − ∂X i of the total space is a model for the classifying space BΛ i . Consider the interior Σ := Σ f i − ∂Σ f i of the fiber, which is homogeneous in its riemannian metric of sectional curvature 0 (genus 1) or −1 (genus > 1). Since the model X i − ∂X i is an isometric quotient of either Σ × E 2 or Σ × H 2 , the classifying space BΛ i is homogeneous in the induced complete riemannian metric of non-positive sectional curvatures.
For all these types, we have shown that there exists an aspherical manifold model for BΛ i which is homogeneous (hence A-regular) in a riemannian metric of nonpositive sectional curvatures. Thus, by [FJ98, Proposition 0.10], the connective assembly map is an isomorphism:
. Since the trivial subgroup 1 is square-root closed in each torsion-free group Λ i , the associated Cappell groups UNil h 5 all vanish. Therefore, the Mayer-Vietoris type sequence in L-theory (Remark 6.6) and the five-lemma show that the connective assembly map of the free product π = ⋆ n i=1 Λ i is an isomorphism:
. Furthermore, a Mayer-Vietoris sequence in the ordinary homology of the universal cover X shows π 2 (X) ⊗ Z 2 = H 2 ( X; Z 2 ) = 0. Therefore Theorem 5.2 applies.
Remark 5.4. The same methods of proof show that the topological 5-dimensional surgery obstruction map (5.2.1) is surjective if X is the total space of a fiber bundle Σ → X → S 2 for some compact, connected 2-manifold Σ. In this case, note that π 1 (X) may not act trivially on π 2 (X) but does acts trivially on π 2 (X) ⊗ Z 2 .
The difference between DIFF and TOP for σ * is displayed in Proposition 2.1. Later, we shall refer to a hypothesis introduced by Cappell [Cap76, Thm. 5, Rmk.].
Hypothesis 5.5. Suppose that the following map is surjective:
. Remark 5.6. Suppose X is a DIFF 4-manifold and π ω = (C 2 ) − . By [Wal99, Theorem 13A.1], the following surgery obstruction map is automatically surjective:
Topological surjectivity fails for a connected sum X#X ′ of such manifolds: the Mayer-Vietoris sequence [Cap74b] shows that the cokernel is UNil h 5 (Z; Z − , Z − ) ∼ = UNil h 3 (Z; Z, Z), and this abelian group was shown to be infinitely generated [CR05] .
Splitting of five-manifolds
We mildly extend Cappell's 5-dimensional splitting theorem [Cap76, Thm. 5, Remark], using the homological hypotheses developed in Sections 4 and 5. Our proof incorporates the possible non-vanishing of UNil 6 . The DIFF and TOP cases are distinguished, and the results of this section are applied to the fibering problem in Section 7. The stable surgery version of the splitting theorem can be found in [CS71] . However, the stable splitting of 5-manifolds is not pursued here, since connecting sum a single fiber with S 2 × S 2 destroys the fibering property over S 1 .
Let (Y, ∂Y ) be a based, compact, connected CAT 5-manifold. Let (Y 0 , ∂Y 0 ) is a based, compact, connected CAT 4-manifold. Suppose Y 0 is an incompressible, two-sided submanifold of Y . That is, the induced homomorphism π 1 (Y 0 ) → π 1 (Y ) is injective, and there is a separating decomposition
The Seifert-van Kampen theorem identifies π 1 (Y ) = Π = Π − * Π0 Π + as the corresponding injective, amalgamated free product of fundamental groups, or, respectively, π 1 (Y ) = Π = * Π0 Π ∞ as the corresponding injective, HNN-extension 6 of fundamental groups.
A homotopy equivalence g to Y is CAT splittable along Y 0 if g is homotopic, relative to a CAT isomorphism ∂g, to a union g − ∪ g0 g + (resp. ∪ g0 g ∞ ) of homotopy
Under certain conditions, we show that the vanishing of high-dimensional obstructions in Nil 0 and UNil s 6 are sufficient for splitting. These two obstructions were formulated by Friedhelm Waldhausen (1960's) and Sylvain Cappell (1970's).
If CAT = DIFF, assume that the DIFF 4-submanifold Y 0 satisfies Hypothesis 3.2 or 3.3 and satisfies Hypothesis 5.5. If CAT = TOP, assume that the TOP 4-submanifold Y 0 satisfies 3.2 or 3.3 or 3.4 and satisfies Hypothesis 5.1.
Then g is CAT splittable along Y 0 if and only if (1) the cellular splitting obstruction, given by the image of the Whitehead torsion τ (g) ∈ Wh 1 (Π), vanishes:
or, respectively,
) and subsequently (2) the manifold splitting obstruction, given by the algebraic position of discs in the fundamental subdomains of the H-cover, vanishes:
. Our theorem mildly generalizes [Cap76, Theorem 5, Remark], which included: if Π 0 is a finite group of odd order, then H 2 (Π 0 ; Z 2 ) = 0 and L h 5 (Z[Π 0 ]) = 0. Corollary 6.2 (Cappell). Suppose g : W → Y is a homotopy equivalence of closed DIFF 5-manifolds. Assume:
(1) Y 0 is orientable, (2) H 2 (Π 0 ; Z 2 ) = 0, (3) Π 0 is square-root closed 7 in Π, and (4) the following surgery obstruction map is surjective (cf. Hyp. 5.5):
Define a decoration subgroup B ⊆ Wh 1 (Π) as the image of Wh 1 (Π − )⊕Wh 1 (Π + ), respectively Wh 1 (Π ∞ ), under the homomorphism induced by inclusion. Recall that the structure set S B CAT (Y ) is defined as the set of equivalence classes of homotopy equivalences g : (W, ∂W ) → (Y, ∂Y ) such that W is a compact CAT manifold and ∂g : ∂W → ∂Y is a CAT isomorphism and g has Whitehead torsion τ (g) ∈ B, under the equivalence relation g ∼ g ′ if there exists a CAT isomorphism h : W → W ′ such that g ′ • h is homotopic to g. The split structure set S split CAT (Y ; Y 0 ) is defined as the subset of S B CAT (Y ) whose elements are represented by homotopy equivalences CAT splittable along Y 0 . The abelian group UNil s 6 depends only on the fundamental groups Π − , Π 0 , Π + (resp. Π 0 , Π ∞ ) with orientation character ω. UNil s 6 is algebraically defined and has zero decoration in Nil 0 [Cap74b] . Definition 6.3. Let (Y, ∂Y ) be a compact DIFF manifold. Define the smoothable structure set S TOP+ (Y ) as the image of S DIFF (Y ) under the forgetful map to S TOP (Y ). That is, S TOP+ (Y ) is the subset of S TOP (Y ) consisting of the elements representable by homotopy equivalences g : (W, ∂W ) → (Y, ∂Y ) such that W admits a DIFF structure extending the DIFF structure on ∂W induced by ∂g.
A more succinct statement illuminates the method of proof in higher dimensions: Sylvain Cappell's "nilpotent normal cobordism construction" [Cap74a, Cap76] .
Theorem 6.4. Suppose (Y 0 , ∂Y 0 ) is a proper, two-sided, connected, incompressible, DIFF 4-submanifold of a compact, connected, DIFF 5-manifold (Y, ∂Y ).
(1) Assume Y 0 satisfies Hypothesis 3.2 or 3.3 and satisfies Hypothesis 5.5. Then there is a bijection
such that composition with projection onto the first factor is a subset retraction, and composition with projection onto the second factor is the manifold splitting obstruction split L . Furthermore, g and nncc s (g) have equal image in N DIFF (Y ). (2) Assume Y 0 satisfies Hypothesis 3.2 or 3.3 or 3.4 and satisfies Hypothesis 5.1. Then there is an injection
such that composition with projection onto the first factor restricts to a subset inclusion S split TOP+ (Y ; Y 0 ) ⊆ S split TOP (Y ; Y 0 ), and composition with projection onto the second factor is the manifold splitting obstruction split L . Furthermore, g and nncc s (g) have equal image in N TOP (Y ). 6.1. Proof by cobordism. We simply extend Cappell's modification [Cap76, Chapter V] of the Cappell-Shaneson proof [CS71, Theorems 4.1, 5.1] of 5-dimensional splitting as to include the non-vanishing of UNil s 6 . Our homological conditions eschew the performance of surgery on the 4-manifold Y 0 . Examples are given in §7.
Remark 6.5. Friedhelm Waldhausen had shown that Nil 0 is a summand of Wh 1 (Π) and that there is an exact sequence of abelian groups [Wal78] :
Waldhausen showed that the cellular splitting obstruction is algebraically defined as the image split K (g; Y 0 ) ∈ Wh 0 (Π 0 )⊕ Nil 0 of the Whitehead torsion τ (g) ∈ Wh 1 (Π). It vanishes if and only if g is CW splittable along Y 0 [Wal69, erratum].
Remark 6.6. Sylvain Cappell had shown that UNil s 6 is a summand of L B 6 (Π) and that there is an exact sequence of abelian groups [Cap74b] :
. If the cellular splitting obstruction vanishes, then Cappell showed that the manifold splitting obstruction is algebraically defined as split L (g; Y 0 ) ∈ UNil s 6 . It vanishes if g is CAT splittable along Y 0 [Cap74a] . We shall investigate the converse.
Proof of Theorem 6.1. (Necessity) Suppose g is CAT splittable along Y 0 . Then split K (g; Y 0 ) = 0 and split L (g; Y 0 ) = 0 vanish by Remarks 6.5 and 6.6.
(Sufficiency) Suppose split K (g; Y 0 ) = 0 and split L (g; Y 0 ) = 0. Then g is CW splittable along Y 0 and g ∈ S B DIFF (Y ) (resp. g ∈ S B TOP+ (Y )) by Remark 6.5. Since Y 0 satisfies the hypotheses in Sections 4 and 5 for exactness of the CAT surgery sequence, by Theorem 6.4, it follows that nncc s (g) = (g, 0). In other words, g is CAT splittable along Y 0 .
Proof of Theorem 6.4. (Definition, I) Let g : (W, ∂W ) → (Y, ∂Y ) be a homotopy equivalence with Whitehead torsion τ (g) ∈ B and ∂g a CAT isomorphism, representing an element of S B CAT (Y ). Our principal goal is to define a CAT normal bordism G ′ over Y ×∆ 1 from g to a homotopy equivalence g ′ : (W ′ , ∂W ′ ) → (Y, ∂Y ) such that h is CAT split along Y 0 and that G ′ has surgery obstruction σ * (G ′ ) ∈ UNil s 6 ⊆ L B 6 (Π).
Define nncc s (g) := (g ′ , σ * (G ′ )) ∈ S split CAT (Y ; Y 0 ) × UNil s 6 . (Well-definition; Projection properties) Note that σ * (G ′ ) depends only on the normal bordism class of G ′ relative to ∂G ′ = g ⊔ g ′ , and that σ * (G ′ ) lies in L B 6 since τ (g), τ (g ′ ) ∈ B. Let Z := CP 4 #2(S 3 × S 5 ) be the closed CAT 8-manifold with Euler characteristic χ(Z) = 1 and signature σ * (Z) = 1 used by Weinberger for decorated periodicity [Wei87] . Cappell has shown
for 13-dimensional homotopy equivalences [Cap76] . Note σ * (G ′ ) = σ * (G ′ × 1 Z ), by Kwun-Szczarba's torsion product formula and Ranicki's surgery product formula [Ran80, Prop. 8.1(ii)]. Also note split L (g × 1 Z ; Y 0 × Z) = split L (g; Y 0 ), since these splitting obstructions in UNil s 6 coincide [Ran81, Prop. 7.6.2A] with the codimension-one quadratic signatures [Ran81, Prop. 7.2.2] of g and g × 1 Z in the codimension-one Poincaré embedding groups LS 4 and LS 12 , and since ×1 Z : LS 4 → LS 12 is an isomorphism [Wal99, Cor. 11.6.1]. So σ * (G ′ ) = split L (g; Y 0 ). Suppose G ′′ is another such CAT normal bordism from g to some split g ′′ . Then σ * (G ′′ ) = split L (g; Y 0 ). So G ′ ∪ g −G ′′ is a normal bordism from g ′ to g ′′ with surgery obstruction 0 ∈ L B 6 . By the 6-dimensional CAT s-cobordism theorem, it follows that g ′ and g ′′ are CAT isomorphic. Therefore nncc s (g) = (g ′ , σ * (G ′ )) is well-defined and satisfies the asserted projection properties. (Definition, II) First, we normally cobord g to a degree one normal map g 1 so that the restriction to (g 1 ) −1 (Y 0 ) is a homotopy equivalence. Since W and Y are assumed to be DIFF 5-manifolds, by general position, we may assume that g : W → Y is DIFF transversal to Y 0 . Consider the degree one normal map
is a finitely generated, projective lagrangian of the Z[Π 0 ]-equivariant intersection form on the surgery kernel
where we can homotope g ×1 Z : W ×Z → Y ×Z so that g| g −1 (Y0×Z) is 6-connected, degree one, normal map between 12-dimensional manifolds [Cap76, Lemma II.1]. Furthermore, the projective class [P ] ∈ Wh 0 (Π 0 ) satisfies [P * ] = −[P ] [Cap76, Lemma II.2] and is the homomorphic image of the Whitehead torsion τ (g) = τ (g × 1 Z ) ∈ Wh 1 (Π) under Waldhausen's connecting map ∂ (see Remark 6.5). But τ (g) ∈ B implies that [P ] = ∂(τ (g)) = 0. Therefore the stably free surgery obstruction vanishes by decorated periodicity:
Then, by Theorem 4.1, there exists a CAT normal bordism G 1 0 from g 0 to a homotopy equivalence g 1 0 :
) is a CAT normal bordism from the homotopy equivalence g : W → Y to a degree one normal map g 1 : W 1 → Y with transversal restriction g 1 0 = (g 1 )| (g 1 ) −1 (Y0) a homotopy equivalence.
Second, we normally cobord g 1 relative (g 1 ) −1 (Y − Y 0 ) to a degree one normal map g 2 so that the restriction to (g 2 ) −1 (Y − Y 0 ) has vanishing surgery obstruction.
Since g 1 ± = (g 1 )| (g 1 ) −1 (Y−⊔Y+) (resp. g 1 ∞ = (g 1 )| (g 1 ) −1 (Y∞) ) restricts to a homotopy equivalence g 1 0 × { −1, 1 } on the boundary, and since G 1 is a normal bordism of source and target from g 1 ± (resp. g 1 ∞ ) to the B-torsion homotopy equivalence g over the reference space K(Π, 1), the image of surgery obstruction vanishes [Wal99, §9] :
. Therefore, by Cappell's L-theory Mayer-Vietoris exact sequence (Remark 6.6), there exists a ∈ L h 5 (Π 0 ) such that
. Then, by Theorem 5.2 if CAT = TOP, or by Hypothesis 5.5 if CAT = DIFF, there exists a CAT normal bordism G 2 0 from the homotopy equivalence g 1 0 to itself realizing this surgery obstruction: σ * (G 2 0 ) = a ∈ L h 5 (Π 0 ). So the union G 2 := (g 1 × [0, 1]) ∪ g 1 0 ×1×[−1,1] (G 2 0 × [−1, 1]) is a CAT normal bordism from the degree one normal map g 1 : W 1 → Y to another degree one normal map g 2 : W 2 → Y such that the transversal restriction g 2 0 = g 1 0 : W 1 0 → Y 0 is a homotopy equivalence and the transversal restriction g 2 ± : W 2 ± → Y ± (resp. g 2 ∞ : W 2 ∞ → Y ∞ ) has vanishing surgery obstruction. Third, we normally cobord g 2 relative (g 2 ) −1 (Y 0 ) to a degree one normal map g 3 so that the restriction to (g 3 ) −1 (Y − Y 0 ) is also a homotopy equivalence. Since σ * (g 2 ± ) = 0 ∈ L h 5 (Π ± ) (resp. σ * (g 2 ∞ ) = 0 ∈ L h 5 (Π ∞ )), by exactness of the 5dimensional surgery exact sequence at the CAT normal invariants [Wal99, Thm. 10.3], there exists a CAT normal bordism G 3 ± (resp. G 3 ∞ ) relative g 2 × { −1, 1 } from the degree one, CAT normal map g 2 ± (resp. g 2 ∞ ) to a homotopy equivalence g 3 ± (resp. g 3 ∞ ). So the union
is a CAT normal bordism from the degree one normal map g 2 : W 2 → Y to homotopy equivalence g 3 = g 3 − ∪ g 3 0 g 3
Finally, we normally cobord the split homotopy equivalence g 3 to another split homotopy equivalence g 4 = g ′ so that the normal bordism G ′ = G 1 ∪ G 2 ∪ G 3 ∪ G 4 from g to g ′ has surgery obstruction in the subgroup UNil s 6 of the abelian group L B 6 . Consider the surgery obstruction of the CAT normal bordism from g to g 3 :
Let c := ∂(b) ∈ L h 5 (Π 0 ) be the image in Cappell's L-theory Mayer-Vietoris exact sequence (Remark 6.6). By Theorem 5.2 if CAT = TOP, or by Hypothesis 5.5 if CAT = DIFF, there exists a CAT normal bordism G 3.5 0 from the homotopy equivalence g 3 0 to itself realizing this surgery obstruction: σ * (G 3.5 0 ) = c ∈ L h 5 (Π 0 ). Then
Therefore, by exactness of the 5-dimensional surgery exact sequence at the CAT normal invariants [Wal99, Thm. 10.3], there exists a CAT normal bordism G 3.5
∞ is a CAT normal bordism from the split homotopy equivalence g 3 : W 3 → Y to another split homotopy equivalence g 3.5 : W 3.5 → Y such that
for some d ∈ L h 6 (Π − ) ⊕ L h 6 (Π + ) (resp. d ∈ L h 6 (Π ∞ )) and e ∈ UNil s 6 . By Wall realization on 5-dimensional CAT structure sets [Wal99, Thm. 10.5], there exists a CAT normal bordism G 4 ± (resp. G 4 ∞ ) relative g 3.5 0 × { −1, 1 } from the homotopy equivalence g 3.5 ± (resp. g 3.5 ∞ ) to another homotopy equivalence g 4 ± (resp. g 4 ∞ ) such that σ * (G 4 ± ) = −d (resp. σ * (G 4 ∞ ) = −d). So the union
is a CAT normal bordism from the split homotopy equivalence g 3.5 : W 3.5 → Y to another split homotopy equivalence g 4 : W 4 → Y such that
Thus the definition of nncc s is complete.
Examples of splitting and fibering
We approach the problem of fibering a 5-manifold W over the circle from the point of view of splitting the canonical homotopy equivalence g : W →Ŵ along the fiberŴ 0 of the relaxationŴ . The relaxationŴ turns out to be an approximate fibration over the circle; equivalently,Ŵ is obtained by gluing the ends of a compactly supported, self h-cobordism of the 4-manifoldŴ 0 by some self-homeomorphism of W 0 . Such a description ofŴ is called an h-block bundle over S 1 [Cha80, p. 306] . Tom Farrell has mentioned to the author that the 5-dimensional fibering theorems herein avoid the need for a 4-dimensional Siebenmann end theorem on the infinite cyclic cover W . Consider the zero-torsion version of an h-block bundle over S 1 .
Definition 7.1. Let X be a compact CAT manifold. We call E the total space of a CAT s-block bundle over S 1 with homotopy fiber X if it represents a loop in the simplicial space CAT(X). That is, E is the compact CAT manifold obtained by gluing the ends of a self CAT s-cobordism rel ∂X of X by a CAT automorphism of X. The induced homotopy class E → S 1 is called a CAT s-block bundle map.
All the theorems here state that there are no obstructions to splitting over the circle for certain 4-manifold fibers. Specifically, consider the first family of examples:
where Q 0 = #r(S 2 × S 2 ) for some r ≥ 0 and Q 1 = S 2 × RP 2 or Q 1 = S 2 ⋊ RP 2 or Q 1 = P 1 := RP 4 or Q 1 = P 2 := P 1 # S 1 P 1 or Q 1 = P 1 # S 1 P 2 or Q 1 = P 2 # S 1 P 2 .
Theorem 7.3. Let Q → Y → S 1 be a DIFF fiber bundle. Let W be a closed manifold homotopy equivalent to Y . Then W is the total space of a TOP fiber bundle over S 1 with fiber homotopy equivalent to Q. If W is a DIFF manifold, then W is the total space of a DIFF s-block bundle over S 1 with homotopy fiber Q.
Observe that the difference between CAT s-block and fiber bundles over S 1 is the validity of the CAT s-cobordism theorem on the given fiber. The second theorem provides a solution to the fibering problem for the above 4-dimensional fibers. In the last family of examples, the reducible, orientable fibers have exponentialgrowth fundamental groups and vanishing second homotopy groups. Assume: Hypothesis 7.9. Suppose F is an oriented TOP 4-manifold of the form F = F 1 # · · · #F n for some n > 0 and some compact, connected, oriented 4-manifolds F i with torsionfree fundamental groups Λ i such that:
(1) F i = S 3 × S 1 , or (2) F i is the total space of an oriented fiber bundle H i → F i → S 1 for some compact, connected, oriented 3-manifold H i of complete, finite volume, hyperbolic interior, or (3) the interior F i − ∂F i is a complete, finite volume, real or complex hyperbolic 4-manifold, or (4) F i is the total space of an oriented fiber bundle Σ f i → F i → Σ b i for some compact, connected, oriented 2-manifolds Σ f i and Σ b i of positive genus. Theorem 7.10. Let F → Y → S 1 be a DIFF fiber bundle. Suppose W is a compact DIFF 5-manifold homotopy equivalent to Y relative to a homeomorphism from ∂W to ∂Y . Then W is the total space of a TOP s-block bundle over S 1 with homotopy fiber F , relative to the TOP fiber bundle ∂W → S 1 .
Theorem 7.11. Let f : W → S 1 be a continuous map such that f * : π 1 (W ) → Z is surjective, hofiber(f ) is homotopy equivalent to F , and ∂F → ∂W → S 1 is a TOP fiber bundle. Then f is homotopic relative ∂f to a TOP s-block bundle map.
Remark 7.12. In conclusion, let us briefly mention two miscellaneous, concrete examples of fibers for which the same splitting and fibering results hold. First, the compact manifold T 3 × D 1 is aspherical with fundamental group crystallographic of rank ≤ 4. Second, M.W. Davis explicitly constructed a closed hyperbolic 4-manifold by identifying pairs of facets of a certain polytope in H 4 (cf. [RT01] ). Finally, an infinite family of aspherical homology 4-spheres was constructed by Ratcliffe and Tschantz [RT05] as Dehn fillings of a complete, finite volume hyperbolic 4-manifold, but it is an open question whether κ 2 is injective and I 1 + κ 3 is surjective for their fundamental groups. 7.1. Proof by splitting the relaxation map.
Proof of Theorems 7.3, 7.7, 7.10. Select a homotopy equivalence g : W → Y such that ∂g : ∂W → ∂Y is a homeomorphism. Observe that Theorem 6.1 is applicable: if Y 0 = Q, then use Corollary 4.8 and Remark 5.6; if Y 0 = S, then use Example 4.6 for Σ orientable and Corollary 4.9 for Σ non-orientable, and use Remark 5.4; if Y 0 = F , then use Corollaries 4.5 and 5.3. Therefore the homotopy equivalence g is CAT splittable along the fiber Y 0 = Q, S, F , whose fundamental group is denoted Π 0 , if and only if the following two obstructions vanish: Consequently, g is DIFF (resp. TOP) splittable along Y 0 = Q (resp. Y 0 = S, F ). In other words, g restricts to homotopy equivalences g 0 : W 0 → Y 0 and g ∞ : W ∞ → Y ∞ with respect to the manifold decompositions W = ∪ W0 W ∞ and Y = ∪ Y0 Y ∞ . Therefore, since Y ∞ = Y 0 × ∆ 1 and Wh 1 (Π 0 ) = 0, we obtain that W is a DIFF (resp. TOP) s-block bundle over S 1 with homotopy fiber Y 0 = Q (resp. Y 0 = S, F ). Finally, if Y 0 = Q, whose fundamental group C 2 has subexponential growth, then the TOP s-block bundle structure on the TOP 5-manifold W is obtained from the Freedman-Quinn surgery sequence [FQ90] and can be promoted to a TOP fiber bundle structure over S 1 by the s-cobordism theorem [FQ90] .
Proof of Theorems 7.4, 7.8, 7.11. A non-compact manifold model for hofiber(f ) is the infinite cyclic cover W , which is defined to fit into the pullback square
Write t : W → W for the generator of the infinite cyclic group of covering transformations. By hypothesis, there exists a compact manifoldŴ 0 homotopy equivalent to Q, S, F and a homotopy equivalence d :Ŵ 0 → W with homotopy inverse u : W →Ŵ 0 such that W is homeomorphic toŴ 0 × (−∞, ∞). In particular, the map d is a finite domination by the manifold endŴ 0 [HR96] . Consider the mapping torusŴ := Torus(u • t • d). Cyclic permutation of the factors gives a canonical homotopy equivalence h : Torus(t) →Ŵ . Since there is an induced fiber bundle R −→ Torus(t) = R × Z W p −−→ W, there exists a homotopy equivalence s : W → Torus(t) such that p • s ≃ 1 W . Therefore we obtain a homotopy equivalence g := h • s : W →Ŵ of compact manifolds relative to a homeomorphism ∂g : ∂W → ∂Ŵ such thatf := f • g −1 : W → S 1 is an approximate fibration relative to a TOP fiber bundle ∂Ŵ → S 1 . The homotopy inverse g −1 :Ŵ → W is called the relaxation map 8 [HR96]; the original model forŴ was called twist-gluing [Sie70] .
Since the approximate fiber off :Ŵ → S 1 is the finite complexŴ 0 , the mapf is homotopic to a TOP h-block bundle map with homotopy fiberŴ 0 . In the previous proof, we have shown that Wh 1 (Π) = 0 and Wh 1 (Π 0 ) = Wh 0 (Π 0 ) = 0. By the same methods, we conclude that g : W →Ŵ is splittable alongŴ 0 ≃ Q, S, F . Therefore, since f factors through g, the map f : W → S 1 is homotopic to a TOP s-block bundle map. A similar DIFF result holds for the homotopy fiber Q.
